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Abstract

Torsional vibrations are of vital importance in rotating machinery, with demands of better performance and material

savings potentially inducing resonance conditions. A robust and effective vibration attenuation solution is offered by

the Nonlinear Energy Sink (NES). In this research, a 2-DOF torsional host structure is attached to an NES having

piecewise-linear stiffness. The design of the NES is optimized for minimal stresses in the local members while avoid-

ing local resonances. The coupled NES-host system is analyzed using Complexification-Averaging of the first-order

and validated by experimental and numerical means. While existing research is primarily focused on the resonant

response, a study of the possible bifurcations is also needed. In this regard, the experimental validation reveals typical

nonlinear behavior of quasi-periodic responses and isolated resonance curves, also with a significant attenuation at

resonance. As such, a complete toolchain is developed from analytical tuning, material strength optimization and

realization, that can be applied to a wide range of torsional vibration applications.

Keywords:

Nonlinear Energy Sink (NES), Torsional vibration, Complexification-Averaging, Design optimization, Piecewise

nonlinearity

1. Introduction

Attenuation of torsional vibration is of great importance in the field of turbomachinery and transmission design.

Industry trends of the current decade have led to a demand for increased fuel efficiency and performance, thereby

creating a demand for lightweight constructions; development of design optimization is a product of this demand.

However, this trend places the system’s dynamics close to their resonances. This is especially crucial for rotating

machinery as torsion-induced shear stress has a lower fatigue limit for failure compared to bending/tensile stress. A

selection of research in torsional vibration analysis and material fatigue is presented in [1, 2, 3, 4, 5]. Suitable care

needs to be taken during the design stage to mitigate these issues.
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A potential solution is to add vibration absorbers tuned to absorb the resonant vibrations of the primary/host sys-

tem. The earliest form of the Tuned Mass Damper (TMD) as passive auxiliary attachment was proposed by Frahms[6]

and further developed by Den Hartog[7], where the latter also proposed an optimal damping criterion. Additionally,

the field of vibration mitigation saw the rise of electromechanical actuation, thus founding active [8, 9, 10, 11]and

semi-active [12, 13, 14, 15, 16] vibration absorbers. Though, a well-designed control strategy promises excellent

vibration attenuation, the need for actuation is a disadvantage for such devices. Concerning torsional vibrations,

several TMD variations have been explored in the past, namely, the Dual-Mass Flywheel[17], the speed-dependent

absorbers[18, 19] and the damped pulley absorber[20]. A major disadvantage of a TMD is its narrow frequency band

of attenuation and the presence of side-resonances. While having great commercial success, it was identified that

introducing nonlinear elements to the absorber could greatly improve its robustness and range of operation.

The nonlinear vibration absorber, also referred to as Nonlinear Energy Sink (NES), offers several advantages

over its linear counterparts: (1) it can work effectively even when the system has undergone slight perturbations

to its parameters, and (2) the nonlinearity allows the device to attenuate multiple resonant frequencies of the host

system[21, 22, 23, 24]. The former property of ‘de-tuning’ supports its robustness and the latter supports its role

as a broadband absorber. The NES cannot completely attenuate the resonant response as done by a TMD, but it

avoids the side resonances. The NES has a variable natural frequency dependent on the magnitude of excitation, and

thus can self-tune to the frequency of the host system. For transient excitations, the NES initiates Targeted Energy

Transfer (TET), an irreversible pumping of energy to the NES, where the energy is then dissipated via damping[25,

26, 24, 27]. For harmonic excitations, at 1:1 resonance a quasi-periodic response similar to relaxation oscillations

occur [22, 21]. In general, for the nonlinear system, several potential responses can be obtained at a single exciting

frequency depending on the initial conditions. Such bifurcating responses need to be accurately characterised for

an effective implementation of the NES. First introduced by Vakakis[28], the NES technology has gained a lot of

popularity in the recent times. Examples of implementations of NES are also vast, with notable advancements in the

domain of seismic vibration mitigation[29, 30, 31, 32], aerospace technology[33, 34, 35], and mechanical engineering

[36, 37, 38]. An in-depth review of the NES technology is given in [39, 40].

A number of nonlinear stiffness and damping variations of the NES have been studied for their potential. In this

aspect, the cubic[41, 23, 42], the softening[43, 44, 45], the saturating[43, 46], the periodic[47, 48], the bistable[49, 50,

51, 52, 32, 53], and the tristable[54, 55, 56] stiffness characteristics are of interest. Additionally, a general framework

for analysis of non-smooth NES has also been explored by Lamarque et al.[57]. The type of nonlinearity chosen

affects the order of attenuation of resonances and its threshold energy for initiating TET. Similarly, nonlinear damping

has also seen a variety in its kind[58, 59, 50]. Concerning solution methods, analytical techniques such as Harmonic

Balancing (HB)[60] and Complexification-Averaging (CxA)[61, 24, 62] method has achieved great popularity in the

analysis of nonlinear systems, as they offer better insights compared to their numerical counterparts. There have been

several recent realizations of NESs as a means for torsional vibration attenuation. In this matter, an early research

has been presented by Haris et al.[63] wherein a cubic, a 5th order and a vibro-impact NES is explored for their
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effectiveness in attenuating torsional vibrations. An experimental-cum-numerical validation of the NES efficacy is

also presented by the same author[64]. Later, Cao et al. presents a piecewise-linear stiffness NES attached to an inerter

mechanism offering significant resonant vibration suppression with low NES mass[65]. Similar concepts of inducing

nonlinearity in the NES has been used by the same authors to attenuate both transient and harmonic loads[66, 67], and

also to design a multi-stable NES[68]. Furthermore, novel designs of inducing nonlinearity by means of permanent

magnets[69, 70] and via particle dampers[71] have also been studied; significant reductions in vibration amplitude and

suppression time is reported here. A recent research by Cao et al. also presents a piecewise-linear NES design capable

of multi-modal torsional attenuation[72]. The aforementioned research showcase design concepts but do not elaborate

on the structural strength aspects or expand on optimal configurations for their durability. Furthermore, analytical

techniques are not being used to fully explore the dynamical behaviour and to validate the design’s performance.

In this paper, a variation of the design from Cao et al.[67] is chosen, but with a focus on obtaining an analytical

solution for the forced response, tuning of the NES stiffness, and on the practical aspects of strength/durability of

the design which was missing from previous works. As such, a complete toolchain is presented that, from analytical

model to realization, can be easily adapted to other torsional systems. Firstly, a dynamic model of the experimental

setup is formulated, and an analytical solution is obtained using the CxA method. Further, the design of the NES

and formulation of its design optimization problem is discussed. An experimental validation is conducted, where

it is found that the experimental results match well with the analytical predictions. It is also important, apart from

showcasing the advantages of a tuned NES, to explore bifurcating responses which can be detrimental to its overall

performance.

2. Dynamic model description

The vibration response of a structure with a NES is described through the study of its dynamic model. The primary

system where the toolchain will be applied is a benchmark 2-DOF torsional vibration setup mounted vertically, and

the NES is attached to the I2 inertia, as shown in Fig 1. The methodology described however is applicable to n-DOF

systems as well.

2.1. Equations of motion

The vibration of a torsional n-DOF primary system with NES is described by the following Equations Of Motion

(EOM):

Iθ̈ + Cθ̇ +Kθ + δℓ(Inaθ̈na) = F cos(ωt)

Inaθ̈na + cna(θna − θℓ) + kna(θna − θℓ)3 = 0
(1)

Where θ ∈ Rn×1 is the angular displacement vector, I ∈ Rn×n is the rotational inertia matrix, C ∈ Rn×n the damping

matrix, K ∈ Rn×n the stiffness matrix, δℓ ∈ Rn×1 the NES connection vector, which is 1 at the connection DOF of the

NES and 0 elsewhere and F the force vector. The absorber parameters are the absorber angular displacement θna, the

3
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Figure 1: Simplified model of the coupled NES-host system. The inertias I1 and I2 form the host, and Ina is the NES inertia. The forcing input is

provided by motor as θin.

absorber damping cna and the absorber nonlinear stiffness kna. The following eigenvalue problem is obtained from the

undamped, unforced linear system:

(K − Iω2
i )ei = 0 (2)

where ω2
i is the ith eigenvalue and ei ∈ Rn×1 is the ith eigenvector. In the modal coordinates θ = Eq, with E =

[e1, e2, . . . , en], the EOM are:

Iq,iq̈i + cq,iq̇i + kq,iqi + ei(ℓ)(Inaθ̈na)

= eT
i F cos(ωt) for i = [1, · · · , n]

Inaθ̈na + cna(θ̇na − θ̇ℓ) + kna(θna − θℓ)3 = 0

P (3)

The dynamics is considered around a dominant single mode i. Rewriting Eq. (3) with the coordinate where the NES

is attached to being modified as θℓ = qiei(ℓ), is then:

Iq,i

ei(ℓ)2 θ̈ℓ +
cq,i

ei(ℓ)2 θ̇ℓ +
kq,i

ei(ℓ)2 θℓ + (Inaθ̈na) =
Fm

ei(ℓ)
cos(ωt)

Inaθ̈na + cna(θ̇na − θ̇ℓ) + kna(θna − θℓ)3 = 0
(4)

Where Fm = eT
i F is the modal force. Defining θℓ = y, the relative absorber motion z = θna − y, dividing Eq. (4) by

Iq,i

ei(ℓ)2 :

ÿ + εξωiẏ + ω2
i y + ε(z̈ + ÿ) = εω2

i P cos(ωt)

ε(z̈ + ÿ) + εξnaωiż + εω2
i γz3 = 0

(5)
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where,

ε =
Inae2

i (ℓ)
Iq,i

ω2
i =

kq,i

Iq,i
ξ =

cq,i

Inaωi

ξna =
cna

Inaωi
γ =

kna

Inaω
2
i

P =
Fm

Inaω
2
i ei(ℓ)

(6)

Finally, the time and motion are made dimensionless by the following substitution:

τ = ωit ȳ =
√
γy z̄ =

√
γz

Following which Eq. (5) becomes,

ȳ′′ + εξȳ′ + ȳ + ε
(
z̄′′ + ȳ′′

)
= εP̄ cos(Ωτ)

ε
(
z̄′′ + ȳ′′

)
+ εξnaz̄′ + εz̄3 = 0

(7)

where

( )′ =
∂ ( )
∂τ

Ω =
ω

ωi
P̄ =
√
γP (8)

2.2. Complexification-Averaging

Complexification-Averaging is performed to study the dynamics on the envelope of vibration, i.e. the slow flow

dynamics. The vibrations are assumed to have a single frequencyΩ. The following complex Manevitch variables [61]

A and B facilitate this:

2A(τ) exp ( jτ) = ȳ − j
ȳ′

Ω
2B(τ) exp ( jτ) = z̄ − j

z̄′

Ω
(9)

where A and B hold the amplitude and phase modulation. The original variables are then substituted by:

ȳ = A(τ) exp ( jΩτ) + A∗(τ) exp (9 jΩτ)

ȳ′ = jΩ
(
A(τ) exp ( jΩτ) − A∗(τ) exp (9 jΩτ)

)
ȳ′′ + Ωȳ = j2ΩA′ exp ( jΩτ)

z̄ = B(τ) exp ( jΩτ) + B∗(τ) exp (9 jΩτ)

z̄′ = jΩ
(
B(τ) exp ( jΩτ) − jB∗(τ) exp (9 jΩτ)

)
z̄′′ + Ωz̄ = j2ΩB′ exp ( jΩτ)

(10)

Where j is the imaginary variable and (∗) indicate the complex conjugate. Substituting Eq. (10) into Eq. (7) and

keeping only the terms with frequency Ω yields:

jΩA′ + jεξΩA +
(
1 −Ω2

)
A + ε

(
jΩB′ −Ω2B + j2ΩA′ −Ω2A

)
=
εP̄
2

j2ΩB′ + 2 jΩA′ −Ω2B −Ω2A + ξna jΩB + 3B|B|2 = 0
(11)

which is basically an averaging procedure over the forcing frequency Ω. In steady state (A′ = B′ = 0), Eq. (11) is

reduced to:

jξ
√

XA + σA − XB − XA =
P̄
2

− XB − XA + ξna j
√

XB + 3B|B|2 = 0
(12)
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with X = Ω2 and εσ = 1 − X. The stability of the steady state solutions is computed using the Jacobian in Appendix

A and B. Next, the equations can be manipulated to obtain two equations in Za = a2 and Zb = b2 with A = a
2 e jα and

A = b
2 e jβ. The first one is a SIM between Za and Zb:

X2Za = Zb

Xξ2
na +

(
X −

3
4

Zb

)2 (13)

and the second a SIM that relates Zb with P̄:[
(X − σ)(

3
4

Zb − X) + Xξnaξ + X2
]2

Zb + X
[
ξ(

3
4

Zb − X) + (σ − X)ξna

]2

Zb =
(
XP̄

)2
(14)

Per excitation level P̄, a frequency response can be computed by first solving Eq. (14) for Zb and computing the

corresponding Za from Eq. (13), over a range of X. The maxima and minima of the SIM are important in tuning the

absorber stiffness. These are obtained by deriving Eq. (13) w.r.t Zb and finding the roots:

Z+b =
8
9

X +
4
9

√
X2 − 3ξna (15a)

Z−b =
8
9

X −
4
9

√
X2 − 3ξna (15b)

Z+a = Z−b

Xξ2
na +

(
X −

3
4

Z−b

)2 /X2 (15c)

Z−a = Z+b

Xξ2
na +

(
X −

3
4

Z+b

)2 /X2 (15d)

The inflection points thus obtained are tuned for the optimal NES performance.

2.3. Insights from analytical calculations

In this section, the dynamical behaviour of the system is explained in relation to the SIM equations calculated

previously. Tracing the response envelopes for a harmonic excitation (Figs. 3a and 3b), both a and b increases along

the left branch until the maxima (
√

Z−b ,
√

Z+a ) is reached, and the response jumps to the branch on the right, inducing

the desired regime of Strongly Modulated Response (SMR) [21, 22, 73], where a faster rate of energy dissipation is

achieved. At the end of the SMR regime, the system jumps to the left branch and thereafter repeats this response as

a limit-cycle oscillation. The SIM of the frequency response from Eqs. (13) and (14) is shown for various forcing

levels (P̄) in Fig. 2. Around the resonant frequency we see a saturation in the response level as the forcing increases.

Additionally, the response is also considered to be unstable. This is indicative of the limit-cycle response as explained

by the SIM in Fig. 3a and by a corresponding time simulation of the full EOM (refer Eq. (5)) in Fig. 3b. This infers

that the response saturation in the frequency response is dictated by the maxima of the SIM, defined by Eq. (15c)

and is plotted as a thin dashed line in Fig. 2. As such, this serves as a design criterion for response suppression to

safe levels. However, if the primary system stays below the maxima, then the absorber will not activate. Thus, the

SIM limits should be designed also taking the forcing limits into account. At sub-resonant frequencies we observe

the inception of a bifurcating, Isolated Resonance Curve (IRC)[74] (or isola) as the forcing amplitude increases.

6
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Figure 2: Frequency Response of the NES-host system (stable ( ) and unstable ( )) compared to that of the host system ( ); SIM limits

are indicated by ( ). The figure shows the evolution of Isolated Resonance Curves with the increase in forcing. Additionally, the saturation of

the 1:1 resonant response is observed.

This detached curve enlarges at higher forcing until it merges into the main branch of the frequency response. This

anomaly, often undetected in experimental testing and numerical simulation, can be catastrophic as the response can

jump to the stable part of the IRC when excited by an additional input of excitation (initial conditions).

A crucial part of NES design is the choice of nonlinear parameters such that the input excitation level triggers

SMR. For a given setup, the excitation limits (i.e. limits of P) can be readily estimated and then is scaled with γ,

and thereby kna, to obtain P̄. This would in-turn provide values for Zb and Za for each exciting frequency, from Eqs.

(13) and (14), assuming a given cna. For the region with the SMR response, the choice of the parameter cna would be

to adjust the maxima (Eqs. (15b) and (15c)). Thus, to ensure an optimal SMR response at resonance, both cna and

kna need to be tuned to overcome the SIM threshold (maxima) for a given P, while the separation of the SIM limits

need to be controlled by cna. The host system is identified to have properties as in Tab. 1, and for the NES, a value

of kna = 110 N rad-3 and cna = 0.0085 N rad-1s-1 is chosen after some trial calculations. This will allow the NES

to exhibit its typical behavior of SMR, saturation and isola within the force range the benchmark system is able to

provide.

I1[m4] I2[m4] k1[N rad-1] k2 [N rad-1] c1 [N rad-1s-1] c2 [N rad-1s-1]

37e-04 125e-04 33.35 17.11 0.0431 0.0085

Table 1: Identified host system parameters
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(a) (b)

Figure 3: The SIM (black, stable ( ) and unstable ( )) with its extrema (�) and an overlay of the actual response envelope (red) obtained

from simulations (a), and the corresponding time simulation with the estimated envelope (red) (b)

3. Design Methodology

A brief description of the means of inducing nonlinearity in the NES for a practical design is presented, followed

by the formulation of an appropriate design optimization problem.

3.1. Conceptual design and piecewise approximation of nonlinearity

The fundamental basis for the NES design is to approximate nonlinear stiffness profiles via a combination of

piecewise-linear segments [67]. In this regard, the preliminary design is presented in Fig. 4a. The piecewise-linear

torsional stiffness is created by the engagement of flexural rods (axially placed) at different angles on the slotted disc;

the slots and rod dimensions are chosen in accordance with the nonlinear profile to be approximated. Furthermore, a

number of rods can engage at the same angle, as seen in the figure. Consider a rod made of a material having elastic

modulus E, density ρ, where each rod h has a diameter dh and length L. Each of them engages with its corresponding

slot at a radial distance of Rh at intervals θh, and undergoes a small angular deflection of δθh. Additionally, θmax is the

maximum displacement allowed in the design. Then the restoring torque Th obtained from a single rod is as follows:

Th =
3E
L3

πdh
4

64
R2

h︸       ︷︷       ︸
kθ,h

(θ − θh)︸  ︷︷  ︸
δθh

=
3EIh

L3 R2
h(θ − θh)

(16)
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(a)

Angular Slots

Flexural Rods

Slotted Disc

Top View

Ø

(b)

Figure 4: Concept of a piecewise-stiffening NES (a) and comparison (b) of cubic nonlinearity (red, ( )) and its piecewise-linear approximation

(black, ( )); Note θ̄ = θ
θmax

and T (−θ̄) = −T (θ̄)

Where Ih is the moment of inertia. The piecewise-linear stiffness function from multiple rod engagements can be

written as follows:

kθ (θ) =



kθ,1 (|θ| ≤ θ1)

kθ,1 + kθ,2 (θ1 < |θ| ≤ θ2)

kθ,1 + kθ,2 + kθ,3 (θ2 < |θ| ≤ θ3)

kθ,1 + kθ,2 + kθ,3 + kθ,4 (θ3 < |θ| ≤ θmax)

(17)

Additionally, the stiffness of each rod kθ,h is defined according to the nonlinear stiffness function Fna(θ) = knaθ
3

as shown in Eq. (18) below. A comparison of the cubic nonlinear stiffness and the approximated piecewise-linear

stiffness is shown in Fig. 4b. Note that the stiffness function is symmetric about the origin.

kθ,h =
knaθh

3 − kθ,h−1θh

θh − θh−1

1 ≤ h ≤ 4; θ0 = 0, kθ,0 = 0 , θ4 = θmax

(18)

3.2. Material stress and local resonance

A major drawback of a cubic nonlinearity is its need to sustain large displacements (above the threshold limit) to

attain the SMR regime. This induces high stresses, making it prone to yielding or vibration-induced fatigue failure.

Furthermore, the design should also ensure that local resonances of the rods are avoided, as the stiffness Eq. (16)

assumes static deflection of the rods. Each rod in the NES is subjected to two main forces; a tangential force Ft,

which is a point load due to the torque induced by angular deflection of the tip, and a centrifugal force Fc caused

by the angular speed of the rod w.r.t the rotating axis, acting as a uniformly distributed load along its length. The
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forces are visualized in Fig. 5. In this setup, the host system’s motor is capable of oscillating motion, with maximum

Figure 5: Forces acting on a flexural rod; a tangential point-load Ft from the torque due to deflection, and a centrifugal uniformly distributed load

Fc from the rotation of the NES.

possible magnitude θ2,max observed at I2 (refer to Fig. 1) and has a maximum rotational frequency ωmax. For systems

that fully rotate, the latter term is equal to the rotational speed. Thus, the centrifugal force Fc and tangential force Ft

can be defined as in Eq. (19) below.

Fc = ρ
πdh

2

4
L︸   ︷︷   ︸

mh

Rh
(
θ2,max ωmax

)2

Ft =
3E πdh

4

L3 64
Rh

(
θ2,max − θh

) (19)

Here, Fc is calculated for a given rod of mass mh at its highest possible magnitude of angular velocity θ2,max ωmax, and

Ft is defined as Th
Rh

. The bending moment and thus, the bending stress would be maximum at A (refer to Fig. 5) and is

given by Eq. (20).

σmax,A =

32
(√

(FtL)2 +
(

FcL
2

)2
)

πd3
h

(20)

A sufficiently accurate estimation of the first eigenfrequency could be obtained from the Rayleigh Quotient method.

This assumes that the rods behave as a static elastic element. For this to hold, it should be avoided that the rods

themselves are excited near their natural frequency. The response is defined in Eq. (21) and the assumed spatial

eigenfunction ψn(x) is then taken according to mode n under consideration, as in Eq. (22).

y(x, t) = ψn(x)ϕn(t) = ψn(x) sin(ωnt + α) (21)

Since the first eigenfrequency is being considered we have,

ψ1 (u) =
1
2

(
3u2 − u3

)
, u =

x
L

; 0 ≤ u ≤ 1 (22)

Here ψ1 (u) is approximated as the deflection shape for a static deflection of the rod. The Rayleigh Quotient (R)

is found taking into account the conservation of energy in the system, i.e. maximum kinetic energy is equal to the
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maximum potential energy.

R (ψ1(u)) = ω2
1 =

∫ 1
0 EI

(
ψ̈1

)2
(u) du∫ 1

0 ρA ψ1
2 (u) du

=
35
44

d2
hE
ρL4 (23)

Where ¨( ) = d2( )
du2 , and f1 = ω1

2π is the natural frequency of a flexural rod.

4. Design optimization

A general design optimization procedure is developed with the principle idea of minimizing the bending stress in

the rods and avoiding local resonances, while keeping the stiffness profile the same as the desired one. The design

variables are the diameters of the rods and their length, and therefore Eqs. (16), (20) and (23) are parametrized with

these variables. However, based on the host system’s requirements and limitations, certain constraints on the absorber

dimensions are also placed. With these under consideration, we can formulate an optimization problem as follows:

minimize σmax,A,h(dh, L)

subject to f1,h(dh, L) ≥ 1.25 fmax

dh,min ≤ dh ≤ dh,max

Lmin ≤ L ≤ Lmax

Rh,min ≤ Rh ≤ Rh,max

(24)

Here, the objective function to minimize is the maximum stress of each rod (see Eq. (20)). The constraint functions

involve keeping the natural frequency 25% above the maximum rotational frequency, and some dimensional restric-

tions. A visualization of the design space from the above constraints is shown in Fig. 6b. Here, the objective function

is represented as a function of the constraint variables, L and Rh; corresponding to the rods of the kθ,h stiffness incre-

ment. The black dashed lines show the constraints on L and Rh, and the red dashed lines indicate the eigenfrequency

constraint. Lines of constant diameter dh are also plotted, and can be used to indicate its corresponding constraint

function. Before performing a numerical optimization, it is recommended to have an understanding of the effect of

the design variables upon the objective function. The relative importance of each constraint function can be assessed

by their corresponding reduction of the design space, and necessary modifications can be made to their limits.

Apart from design constraints, some design constants have also been considered as in Tab. 2. Each stiffness

increment kθ,h can be split equally by having identical rods engage at the same angle θh. The number of engagements

(i.e. rods) per stiffness increment can be increased to further lower local stresses and this can be used to avoid

infeasible designs. From the linear stiffness calculations in Eq. (18), kθ,1 ≈ 0, thus negating the need for an initial

engagement of a rod. Spring steel is chosen as the material for the rod as it possesses a high yield and endurance limit.

The maximum rotation of θ2,max is limited by the motor of the setup. Note that the limits on dh are from manufacturing

concerns, while for L and Rh, they are from the dimensional constraints of the machine. The numerical optimization

is performed in MATLAB using the fmincon function and the default algorithm of interior-point has been used. The
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Design Constants Design Constants Design Constraints

Parameter Value Parameter Value Parameter Limits

E [N/m] 2.06e11 ρ [Kg/m3] 8050 dh [mm] ϵ [3, 12]

θ2,max[rad] 0.1 ∆θh [rad] 0.025 L [mm] ϵ [50, 250]

rods per kθ,h 3 fmax[Hz] 30 Rh [mm] ϵ [29, 100]

kθ,1 0

Table 2: Design constants and constraints of the optimization

Rod Index (h) dh [mm] L [mm] Rh [mm] σmax,h[MPa] f1,h [Hz]

1 - - - - -

2 3.2 248 29.6 36.64 37.36

3 3.4 ” 30.8 27.06 36.39

4 3.8 ” 31.5 16.15 44.36

Table 3: Optimized design variables and the resulting objective function values

optimization is computationally inexpensive and takes ∼ 1 second to complete. The results of the optimization are

presented in Tab. 3. It should be noted that since the manufacturing tolerance is about 0.1 mm, the results have been

rounded accordingly. The optimal design obtained has significantly lower rod stress than the material endurance limit

(∼ 500 MPa), thus theoretically guaranteeing infinite life for the design. The optimized design thus obtained has been

further designed in detail for implementation, as seen in Figs. 6a and 6c.

5. Analytical results and Experimental validation

In this section, the harmonic response prediction from CxA (Eqs. (13) and (14)) is compared to experimental

results to explore the general agreement between the results obtained and also to validate the choice of the nonlinearity

and its parameter value. The parameter values from the NES and from the identification of the primary system is given

in Tab. 4. A sine sweep signal from 5.5 Hz to 8 Hz frequency and of amplitude 0.5, 0.6 or 0.75 rad is provided by

ε ξ γ ω1 [rad/s] ξna P

0.088 0.296 82.68 42.4 0.269 0.836

Table 4: Parameters of the NES and the identified primary system

the motor to I1 of the host system (refer to Fig. 6a). The angle measurements are acquired by belt-driven encoders
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(a)

Motor

Encoders

NES

(b)

(c)

Figure 6: NES assembled onto the 2-DOF benchmark system(a), Visualization of the constrained design space (hatched) with the objective

function indicated by the colorbar(b), and assembly of the optimized NES (c)

attached to each of the respective inertias. The measurement data is then filtered, and the envelope of oscillation is then

extracted. For visual clarity, the envelope of SIM maxima (
√

Z+a from Eq. (15c)) is used for regions of quasi-periodic

response. The analytical treatment and the experimental measurements are superimposed in Fig. 7. A clear agreement

can be seen between the experimental and analytical results, thus validating the CxA method and its assumptions. It

can be inferred that for all three excitation cases, there has been a significant reduction and saturation of the resonant

response, but with a major caveat; the presence and attachment of an Isolated Resonance Curve (IRC) at higher forcing

levels.

For the input excitation of θin = 0.5 rad (Fig. 7a), the resonant response (at Ω1 = 6.75 Hz) with the NES

saturates to around 82% from its undamped value. Complexification-Averaging predicts a region of linear instability

at resonance, however, this is due to the response being quasi-periodic in nature, with a modulating envelope as seen

in Fig. 3b. The saturation of the measured envelope, indicated by the upper SIM limit is also shown, and it is observed

to lie below upper SIM limit predicted by CxA. In a narrow frequency band from 6.1 Hz to 6.2 Hz an IRC is formed,

undetected by the experiment.
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At θin = 0.6 rad (see Fig. 7b), the resonant response is diminished as before (≈ 84% reduction), however, the

IRC expands to almost merging with the main resonance curve. The response after attachment of the IRC is observed

in Fig. 7c for θin = 0.75 rad with a large amplitude response predicted by the measurement. Still, this response

is lower than the resonant response of the primary system. Also, the saturated resonant response is able to achieve

≈ 87% vibration suppression. The rise and fall frequency and the response magnitude on the attached curve are also

predicted reasonably well by the CxA method. Minor deviations can be attributed to the lack of higher order terms in

the ansatz of the proposed CxA solution, as is recommended for high forcing amplitudes. This could also be due to

the deviation of the actual, piecewise-linear stiffness, from cubic nonlinear stiffness at high amplitudes. A comparison

of the host system’s measured response before and after attachment of the NES is shown in Fig. 7d, for a sweep

through the resonant frequency. Here, a clear reduction in the response is observed after the attachment, in addition to

the saturated quasi-periodic response behavior predicted by the SIM (refer to Fig. 3).

(a) (b)

(c)
(d)

Figure 7: Frequency response of the host system for various input excitations; θin = 0.5 rad (a) 0.6 rad (b) and 0.75 rad (c). The legends (A)

indicate the response envelope obtained from CxA with its stable and unstable fixed-points; the SIM limits of the SMR response around 1:1

resonance are also indicated. The experimental validation is indicated by legends (E). The measured time response of the host system (d) with

( ) and without NES ( ) for θin = 0.6 rad, showing the SMR response around resonance.
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6. Conclusions

The design and analysis of a piecewise-linear stiffness Nonlinear Energy Sink (NES) for attenuating resonant

vibrations in a torsional setup has been successfully explored. The design methodology explained is a complete

toolchain that assists the NES implementation by proposing a theoretical framework to obtain an optimal nonlinearity,

and then relating it to aspects of structural integrity and practical dimensional restrictions that can applied to a wide

range of systems. An intuitive perspective of the following design optimization is also provided to further understand

design parameter influences. The analysis has been implemented with the Complexification-Averaging (CxA) method

and validated via experiments, showing a good agreement between them. This supports the use of CxA, even in

its first-order, as a suitable method for analyzing systems with strong nonlinearity. Additionally, the CxA method

could also detect the presence of an Isolated Resonance Curve (IRC) in the frequency response, undetected by the

experimental tests. This added benefit helps to better design by avoiding potential catastrophic responses. At high

forcing amplitudes, the IRC attaches to the main resonance curve and this has also been identified by both experiment

and CxA response envelopes.

The implemented NES prototype offers a significant attenuation of the resonant response (80% - 87%) for a broad

range of input excitation, but its performance is limited at high forcing by the presence and enlargement of an IRC at a

sub-resonant frequency band. However, even in this case, the response amplitude is lesser than that of the unattenuated

primary system resonance. To avoid IRCs then necessitates a careful design methodology wherein design parameter

influences on the inception of the IRC curve are also taken into account. Another scope of further research would

be to investigate multi-modal resonance attenuation capability of the NES, and also its potential for absorbing shock

loads. Nonetheless, the NES design toolchain can be easily adapted to changing requirements and supports a direct

implementation on a torsional host system.

Appendix A. Stability of slow flow dynamics

The stability of the asymptotic solution of Eq. (11) is computed from the linear stability around equilibrium of A

and B:

2 j
√

X



∆̇A

∆̇∗A

∆̇B

∆̇∗B


=



a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

︸                         ︷︷                         ︸
Σ



∆A

∆∗A

∆B

∆∗B


(A.1)
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Where ∆A = A − Aeq, ∆B = B − Beq. The equilibrium values are found from steady-state Eqs. (11). The matrix

elements are described below:
a12 = a21 = a32 = a41

a11 = −a∗22 = −εσ − jεξ
√

X

a13 = −a∗24 = jεξna
√

X + 6εBB∗|B=Beq

a14 = −a∗23 = 3εB2
∣∣∣
B=Beq

a31 = −a∗42 = εσ + jεξ
√

X + X

a33 = −a∗44 = X −
1 + ε
ε

a13

a34 = −a∗43 = −
1 + ε
ε

a14

(A.2)

The stability is then determined from the eigenvalues of Σ

2 j
√

X
.

Appendix B. Stability of SIM

The stability of the solutions on the SIM are computed with the 2nd equation (11). Linearizing this equation

around equilibrium Beq =
b
2 e jβ obtained from the solutions of Eq. (13) gives the following set of equations: ∆̇B

∆̇∗B

 =
 a11 a12

a21 a22

︸          ︷︷          ︸
Σ

 ∆B

∆∗B

 (B.1)

where ∆B = B − Beq and

a11 = a∗22 = −
j
2
−
ξna

2
+

j
2

6εBB∗|B=Beq

a12 = a∗21 =
j
2

3εB2
∣∣∣
B=Beq

(B.2)

Finally, the stability is determined by computing the eigenvalues of Σ matrix in equation (B.1). If any eigenvalue

has a positive real part, the solution is unstable.
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